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ON STATICALLY POSSIBLE FIELDS IN A SIMPLY CONNECTED VOLUME*
M.A. RVACHEV

The general continuously differentiable solution of the system of equations
V.T = 0inV C A%, v.T=00nav 0.1)

is determined, where v is the normal to 4V (the boundary 4V 1is simply connected). If T

is a vector, then the solution represents the general form of the velocity field of the flow

of an incompressible liquid in a closed volume. However, if T is a symmetric tensor of rank
two, then the solution represents the general form of a statically possible field of stresses
in a body whose surface is free from any loads (for example, the temperature or residual
stresses). The solution can also be used to construct admissible variations of the field of
stresses in order to obtain numerical solutions in terms of stresses of boundary-value problems
in theory of elasticity. All tensor-vector- and scalar-valued functions considered below are
assumed to be smooth, i.e., it is assumed that the functions have continuous derivatives of

any order that will be used.

1. Let u=u(x) be a field defined on V; DV and let o= o (x) be a function satisfying
the following conditions:
lo(x)>0, xesint V; o (x) =0, d0/dv+0, xs8V; 0 (x) <0, xEV )V (1.1)

It can be shown that there are functions © that satisfy (1.1) for any domain V with a
smooth boundary a8V. However, from the point of view of the constructiveness of the general
solutions given below, it is important to have formulae for evaluating . Methods of con-
structing such formulae for domains of practically any form are discussed in /1/.

Lemma. Let f=f(x) be a bounded function on V¥, such that

Vi=v(..9VH..)=0, E=0,1,...
k times

(where V% =7 on the smooth surface 4V, and let o satisfy conditions (1.1). Then f=
o™lg, where g is also bounded on V.

The proof of the lemma follows from the generalized Taylor formula /1/. We remark that
the lemma also holds the case where f and g are vector- or tensor-valued functions.

Theorem 1. Let 4V be a smooth and simply connected surface and let o satisfy (1.1).
Then u=T 1is a solution of (0.1) if and only if

u="V x (op) (1.2)
for some vector field pe=p(x).

Proof. 1If u is defined by (1.2), then (0.1) can be verified by substituting the above
expression.

We shall prove the necessity. By virtue of the first equality in (0.1), u can be rep-
resented in the form u=Vxgq for some q=q(x). We find from the second equality in (0.1)
that v-(VXxq =0 on éV. Integrating this equality over a surface S§caV  and applying
Stokes's theorem, we get

0=SSV-uds=SSv-(V><q)ds=SSds-(qu):sﬁd)hq (1.3)
s s s L

where the last integral is taken over the contour [, being the boundary of S. Since a4V is
simply connected, it follows that ¢$dx.q=0 for any closed contour on 4V. Thus, the
integral

h(My) = S dx - q (1.4)
MM,
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over a curve MM, on 4V depends only on the position of the initial and final points M

am A A - aras rec ar : X4 A FETENRN [ et 3 PPN avr

ana My OrL mMpMy. If M is fixed, (1.4) defines a :.LugJ.e valued function A (My) on ov.
We extend bk (M, to a function defined on the entire domain V; in such a way that
oh/av = v.q on 4V 1.5)

and we set r=gq— Vi. It follows from (1.4) and (1.5) that Vhi=q on 4V. Thus, r=0 on
#V and by the lemma, r=— wp. Moreover, VX(0p) =VXr=Vx{q—Vh)=VXqg=u, as required.

Formula (1.2) with an arbitrary p gives the general expression for the velocity of the
flow of an incompessible liquid in a volume V bounded by impermeable walls 4V under the
assumption that av is smooth and simply connected. It can be seen from the proof that in
the case of a multiply connected boundary 4V, the velocity fields that can be obtained in
the form (1.2) are those and only those that satisfy condition (1.3), i.e., such that the
flux of the liquid through any closed contour on 8V 1is equal to zero.

Suppose that 4V is a doubly connected surface, I 1s a closed curve on 4V incontractible
to a point on 9V, SCV 1is a surface spanned by L, and a particular solution wu, of (0.1)
is known such that Sgdyuo#=0. In this case the general solution of (0.1) can be obtained in

S

the form Cug + u, where ( is any constant and u is defined by (1.2).

For example, the velocity of the flow of an incompressible liquid in a closed torus V e
{x}la(x)>0} where o (x) =1 — a2 —(V/z°+ 2* —2)?, can be obtained in the form wu=Cu,+ V X (op),
where wu, = (—z,,2;,0), C is an arbitrary constant, and p(x) 1is an arbitrary vector-valued func-
tion.

The formulation and the proof of Theorem 1 remain the same in the case where u and p are
tensors of rank two.
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2. Let T=T*=T{(x) be a symmetric tensor of rank two bounded £

consider the problem of finding the general solution of the system of Egs.(0.1l).
The symmetric tensor T can be 1nterpreted as the stress tensor in a continuous medium.
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the medium, and the second equation in (0.1) means that there are no surface loads.

Theorem 2. Let 4V be a smooth and simply connected surface, and let o satisfy con-
dition (1.1). Then T is a solution of (0.1) if and only if
T = Ink (0®R) = V X (V X (02R))* @.1)
for some symmetric tensor field R.
Proof. A symmetric tensor field T is a solution of the first equation in (0.1) if and
only if m Tl N 9 9

T =1Iok Q (&)
for some symmetric tensor Q /2/. Thus, if T is defined by (2.1), then the first eguality in
{0.1) holds. Moreover, evaluating (2.1) with the use of conditions (1.1), we get

v-T == v. (— 2V X (R* X Vo)) =0 On av

since v| Ve.

Therefore, the sufficiency is proved.

We shall prove the necessity. Let T satisfy equations (0.1) and let the tensor Q in
(2.2) be defined. Applying Stokes's formula, we find from (2.2) and from the second equation
in (0.1) that

<ﬁdx-(VXQ)*:SSds.wx(va)*):Sde.T:0 @.3)
T s S
P ax-(Q— (x, — x) x (Vx Q* =SS ds+(V % (Q — (x, — %) X (VX Q)% =
'L S
BT X QI T X(TXQY K (5 — %) X Q—

Y
e~

S‘ dsve(T X (%, — X)) = SS ds (v+T) % (x; — X) = 0

5 8

where L is a closed contour, being the boundary of a surface &§ oV, x; 1s fixed, and x is
the current point ({(with respect to which integration is carried out). By virtue of (2.3),
since 9V  is simply connected, the integrals

dx- (V X Q)* (2.4)
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over a curve MM, C 9V, where M, =M, (x,), and M is a fixed point, define single-valued vector
functions p(x;) and q(x;) on V. If p and g were defined by (2.4) everywhere on V,, then
the derivative of gin any direction I could be found by evaluating the derivative of the
second integral in (2.4):

T —10o4( § aevx@r)x1=10+px1=D- @=Exp)

MM,

where E is the unit tensor, and the equalities
Vg=Q—-Exp V{V=V(Q—-ExXpP 2.5)

would hold.

But since formulae (2.4) define p and q on 4V only, equalities (2.5) are, generally
speaking, not valid for an arbitrary extension of p and q.

We extend p and g onto V¥, in such a way that

() ov=v.(VXQ* dq(x))/dv=v-{Q—EXp} 2.6).
P (x,)fov = v (v- (V{Q—E X PP

for x, = o8V. Since the derivatives of p(s;) and gq(x) 1in directions orthogonal to v are
completely defined by the integrals in (2.4) for =, e 8V and derivatives (2.6) are con-
sistent with (2.5), it follows that for such an extension the differential formulae (2.5) hold
on av.

Now, we consider the symmetric tensor defgq =1, (Vq+ (Vg)*) and we set N=Q — defq. By
virtue of (2.5), we have

Ne= Q= (Vg+ (V") = Q— 1 Q—EXp+Q*—(EXp*) =0
WN=VQ—-1s(VQ—EXP+V{Q—~EXp*"H=0

on V. Therefore, the lemma yields N == w®R. Moreover,
Ink (0*R) = Ink (Q — defq) =Ink Q=T

as required.

With the aid of formula {(2.1), one can construct admissible variations of the field of
stresses in order to solve boundary-value problems in the mechanics of a deformable rigid
body on the basis of the Castilliagno principle. However, there are difficulties arising in
the applications of the formula connected with some restrictions on the smoothness and
connectivity of the boundary 4V and with the redundancy of representation (2.1): the tensor
R on the right-hand side of (2.1) contains six arbitrary components, while the six components
of T are connected by three equations (the first equality in (0.1)).

In order to solve plane and axially-symmetric problems of the theory of elasticity, a
package of computer programs using variations of the form (2.1) have been designed. For
these types of problems, the difficulties have been overcome successfully. Numerical
experiments that have been carried out indicate that the approximate solutions of the
problems in terms of stresses obtained on the basis of (2.1) converge faster than the
solutions of the problems in terms of displacements (which are also based on function (1.1}
and on the R-functions).

1f Q is regarded as the tensor of small deformations, then the second equation in (0.1)
and Eq.(2.2) serve as compatibility conditions for deformations on the surface aV. In this
case the vector field g defined by {2.4) and {2.6) is the field of displacements, which is
connected with the deformations Q on #V by the Cauchy equations.
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